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Let n be an arbitrary fixed positive integer. Then there exists an integer m 0 such that for 
every m ~>m 0 there exists a hypergraph G with m points, the number of lines between 
2m/(n + 1) and 2re~n, each line containing n points, and such that every set S of points 
containing at most n points can be uniquely determined from the cardinalities of intersections 
of S with the lines of G, in a time proportional to m. 
Consider the action of real matrices on real column vectors, by ordinary matrix 
multiplication on the left. A matrix A, with m columns, is said to separate a set V 
of m-vectors if, for any u, v ~ V, Au  = Av  implies u = v. 
Note that if such a matrix A has two equal rows then by deleting one of them 
we get again a matrix separating V. We shall be interested in finding separating 
matrices with as few rows as possible, thus we shall assume that the matrices we 
shall deal with have pairwise different rows. 
Consider a set V of m-vectors and a class d~ of matrices containing matrices 
separating V. We define the dimension of V relative to d~ to be the least integer k 
for which there exists a k x m-matrix A in ug separating V. 
A number of authors (cf. [ 1, 2, 3, 4, 7, 8]) have studied the separation of the set 
of all binary m-vectors by binary matrices, ("binary" means that all entries are 
equal to 0 or 1). The corresponding dimension, D(m),  established in [2, 4, 7], is 
D(m)  = 
m • log 4 
log m 
+o(m-  loglog m). 
In this paper we study the dimension D(m,  n), for 0 < n < m, of the set Vm., of 
all binary m-vectors with at most n entries equal to 1, relative to the class ill,, of 
all binary matrices with exactly n entries in each row equal to 1 (and with the 
rows pairwise different). 
It is clear that D(m, n) is defined, for l<n  <m,  since we have in ill,, the 
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following regular m 
-011 
101 
110 
111 
111 
001 
0001 
0() 01 
x m-matrix 
110 0 
110 0 
110 0 
0 i0  0 
100 0 
1110 0 
1110 0 
l i i 
whose determinant is ( -1 ) " - l (n  - 1) ~ 0. 
For a matrix A ~ ~,, with m rows and a vector u ~ V~,, the vector Au is a 
l inear combination of the columns of A, with u as the vector of coefficients of the 
combination, thus a sum (possibly empty) of several (at most n) columns of A. 
This enables us to speak about separating matrices in ~,, without mentioning 
Vm..: a matrix A ~ ~.  is separating iff all the sums of at most n columns of A 
(including the empty sum equal to the zero vector) are distinct. In particular, a 
separating matrix A ~ ~n has no zero column and any two distinct columns 
different. 
We may consider a binary matrix A = (a~i), with pairwise different rows and 
columns, as an incidence matrix of a hypergraph G(A)  whose points are the 
columns of A, the lines are the rows of A, and, the ith line is incident with the ]th 
point iff a~i = 1. If A ~ ~,  is a separating matrix then there is no isolated point in 
G(A)  (i.e., no zero column in A)  and no isolated line. 
Let us now evaluate the dimension in some special cases. Clearly we have 
D(m, 1 )=m (1) 
Another  exact value is 
D(m, m - 1) = m - 1 for m > 3; D(3,  2) = 3. (2) 
To see this, note that a k x m-matrix A e ~m_,  with k < m-  1 must have two 
equal columns thus cannot be separating. On the other hand, the (m-  1)x m- 
matrix 
A = 
-011 . . -11  
101 - - -11  
1101 - - -11  
111 - - - '101  
separates V,,,.,,,_I in case m > 3. Indeed, for any given u e V.,.,.-t, every solution x 
of the equation Ax = Au  has the form u + cv,  where c is a real number and v is 
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the m-vector with the first m-  1 entries equal to 1 and the last one equal to 
2 - m. If u + cv is to belong to Vm.,,-1, c must be an integer, and, since [2-  m l >t 2, 
c must be zero, thus u is the unique solution of Ax = Au  in Vm.,,-1. 
In case m = 3 the matrix [o ~ 11] is not separating for the sum of the first two 
columns is equal to the third one. 
For m > n > 0 and arbitrary q > 0, r >t 0, we have the following inequality 
D(qm + r, n)<~q • D(m, n)+ r, (3) 
for if A ~ ~,, is a matrix with D(m, n) rows separating V~,n, then the following 
matrix with q. D(m, n)+ r rows separate V~÷r,~: 
qm columns r columns 
• ~ f  ~_  
° i o 
0 ,~ 1111 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
0 " '1 - . -11  ", 
k y , ,  J 
t~ 
Here is another exact value for the dimension 
D(m,  2 )=3q+r  fo rm=4q+r ,  0~<r<4. (4) 
This is proved by first observing that the matrix 
111° !1 1 0 1 
1 0 0 
separates V4.2, thus D(4, 2) ~ 3, thus by (3), D(4q + r, 2) ~ 3q + r. 
To prove the converse inequality, let m = 4q + r, 0 ~ r < 4, and consider a matrix 
A e N2 separating V~a. The corresponding raph G(A) has neither an isolated 
point nor an isolated line, therefore each connected component of G(A)  has at 
least three points. Let ] denote the number of components with three points and k 
the number of the larger components. Since D(3, 2)= 3, each component with 
three points must have three lines. Removing from G(A)  all three-point compo- 
nents we obtain a graph with m-  3] points and k components, thus a graph with 
at least m-  3 ] -  k lines. Since k ~ q, we get for the number s of rows of A 
s~ 3] + m-3] -k  = m-k~m-q  =3q+r ,  
therefore D(m,  2) i> 3q + r. 
We now turn to the investigation of the asymptotic behavior of the dimension. 
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It occurs that the sequence D(m, n)/m, for an arbitrary but fixed n, has a limit and 
it holds 
lira D(m, n) inf{D(m, n) } ; m > n . (5 )  
rn~ m 
Indeed, for r < m we have by (3) 
D(qm+r,n) q .D(m,n)+r<q.D(m,n)+r  D(m,n) 1 
qm + r qm m q ' qm+r 
which means that for every m0 and every e>0,  the sequence D(m, n)/m is 
eventually below D(mo, n)/mo + e. 
It is not difficult to estimate lim,,__~ D(m, n)/m from below. In fact, we always 
have 
2 
n+l  m 
D(m,n) 
~<~ (6) 
To see this, take a separating matrix A ~ ~,  with m columns and D(m, n) rows. 
We have n • D(m, n) entries 1 in A. Let us count them by columns. If we have in 
A r columns with exactly one entry 1, then r<~D(m, n) since the columns must be 
pairwise different. The remaining m-r  columns contain each at least two entries 
1, thus n • D (m, n) I> r + 2 ( m - r) = 2 m - r i> 2 m - D (m, n), whence (6). 
If we want to obtain good upper estimates for lim~__~D(m, n)/m, we have to 
construct, in view of (5), separating matrices with m columns and as few rows as 
possible, for all large enough integers m. To this end, we now give some necessary 
and sufficient conditions for a matrix A ~ ~,,, with each column containing at most 
two entries 1, to be separating. Note that the number of entries 1 in a column of A 
is equal to the degree of the column as a point in the hypergraph G(A), i.e., to 
the number of rows incident with the column. 
Recall that an open path of length k in a hypergraph is an alternating sequence 
PoL lp lL2P2  • • • pk_ lLkPk  of pairwise distinct points Po, - - -, Pk and pairwise distinct 
lines L1, . .  •, Lk such that L~ goes through P~-I and Pc for i = 1 , . . . ,  k. The path is 
closed, or a cycle, of length k, if Pk = Po. 
Statement 1. A matrix A ~ ~,~ in which all columns have degree at most 2 
separates V~,~ iff in G(A):  
(i) every point  lies on a line; 
(ii) any two distinct lines intersect in at most one point; 
(iii) any two distinct points lie on at most one line; 
(iv) there are no cycles of even length 2k for k <~ n; 
(v) between any two points of degree 1 there is no path of length k < 2n. 
l~roo|. Condit ions (i), (ii), (iii) are dearly necessary. As for (iv), if a sequence 
Co, Cl,. . . ,c2k of columns formed a cycle of even length 2k~2n,  then 
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Co+ C2+" " " + C2k_ 2 = Ca+ C3+"  • • + C2k_ 1 and A would not  be  separating. Similarly 
for (v), if Co, C l , . . . ,  ck were a path of length k < 2n with Co and Ck of degree 1, 
then Co+C2+ . . . .  ca+Ca+" •" • 
Assume that (i) through (v) are fulfilled. Let P, S be two sets of columns, with 
at most n columns in each, such that the respective sums of columns in P and in S 
are equal, Y, P = ~ S. We show that then P = S. Assume that P~ S. Then since 
~(P-S)+~. (PNS)=~,P=YS=~(S-P)+F . (PAS)  we have ~(P -S)= 
(S-P):P O. Every line in G(A) which goes through a point in P -S  must 
therefore go through a point in S -  P, so there are paths zigzaging between P -S  
and S-P .  Since there is at most 2n points in (P -S )O (S -P ) ,  a closed path 
zigzaging between P-S  and S-P  would be a cycle of even length 2k ~<2n, 
contrary to (iv), so we can assume that there are only open paths zigzaging 
between P -S  and S-P .  A maximal such path would be of length <2n and 
connect a point of degree I in A (p, S) with a point of degree 1 in A (S, P), contrary 
to (v). 
We have proved in [5] that for every triple (d, n, k) of positive integers there 
exists a hypergraph G(d, n, k) in which every point has degree d, each line has n 
points, and there are no cycles of length ~<k. This construction provides us, in 
particular, with a hypergraph G(2, n, 2n) satisfying the conditions of Statement 1, 
thus with a separating incidence matrix A. This matrix A has 2m/n rows, where m 
is the number of points of the hypergraph, so we have 
D(m, n) 2 
lim < (7) 
m~ /Tt /1 
(we have sharp inequality since we can remove an arbitrary line from G(2, n, 2n) 
and still get a hypergraph satisfying the conditions of Statement 1). 
The incidence matix A of G(2, n, 2n) has the following remarkable inversion 
property 
Statement 2. A matrix A e ~.  with m columns of degree 2 and with no cycles of 
length ~<2n separates V~,  and for any u ~ Vm, n, the solution of the equation 
Ax = Au can be obtained in O(mn 2) time. 
Pl~oL To determine u from Au, select the rows of A corresponding to the 
non-zero entries in Au. There are at most 2n such rows in A, thus they form a 
submatrix A1 of A with no cycles in G(Aa). Pick up a pending line in G(Aa), i.e., 
a line which is recognized as a row r in A1 incident with a unique column of 
degree 2 in Aa. This is also a column corresponding to an entry 1 in u which we 
have thus determined. Next delete the row r from A1, and also the unique row s 
adjacent o r in Aa in case su = 1, thus obtaining a matrix A2 from which a second 
entry 1 in u can be determined, and so on. An easy time analysis shows we need 
O(mn 2) time to determine the whole vector u. 
Let us remark in dosing that the incidence matrix A of G(2, n, 2n) in fact 
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separates a larger set of vectors, namely, the set V~.,~ formed by all non-negative 
real m-vectors with at most n non-zero entries. The procedure of solving the 
equation Ax = Au  for u ~ V~,.  is practically the same as above. 
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